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A modiﬁed strain gradient theory is proposed based on the nonhomogeneity of polycrystalline metallic
materials and free surface effects. Consideration of the geometrically necessary dislocations on the grain
boundary and the free surface effect suggests a relationship between the characteristic length, specimen
size and grain size. This relationship can explain the size effects and ﬂow stress in micro/nanoscale struc-
tures. We will propose a newmodel for bending tests using the modiﬁed strain gradient plasticity theory.
Using the proposed model, bending behavior of polycrystalline materials in micron-scale structures is
investigated, and compared with experimental results from other researchers.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Recently, microelectromechanical systems (MEMS) technolo-
gies have evolved at a rapid rate with increasing activity in the fab-
rication and commercialization of a wide variety of microscale
systems and devices. There has been increasing interest in
mechanical properties at the micro and nanoscale to design, fabri-
cate and enhance the reliability of MEMS structures. In particular,
it is essential to study the yield stress and ﬂow stress to analyze the
elastic and plastic behaviors of materials and the reliability of the
structures.
Recent experiments on nonuniform plastic deformation show
the effect of size on micro and nanoscale structures. In the
Hall–Petch relation (Hall, 1951; Petch, 1953), the ﬂow stress of a
material is dependent on the inverse square root of the grain size.
Bending tests (Stolken and Evans, 1998; Shrotriya et al., 2003;
Ehrler et al., 2008) and torsion tests (Fleck et al., 1994) show that
the smaller size result in harder materials. The strain gradient plas-
ticity can explain this size effect very well (Fleck and Hutchinson,
1997; Gao et al., 1999; Huang et al., 2000; Zhao et al., 2003).
However, it cannot predict the size effect in pure tension for
polycrystalline materials, because the strain in a tension test is
assumed to be uniform, and the derivative of the strain vanishes
until the onset of necking. Another reason is that the constitutive
equation for strain gradient plasticity does not include a constitu-
ent that is related to grain size as a parameter for deformation.ll rights reserved.
: +82 54 279 5899.Lee et al. (2009) proposed a modiﬁed strain gradient plasticity
theory under the assumption that the polycrystalline materials
are nonhomogeneous in plasticity. In this theory, grains of themate-
rials are associated with the generation of the geometrically neces-
sary dislocations (GNDs) on the boundary during deformation.
These GNDs are the basis of the modiﬁed strain gradient plasticity
theory, which retains the mathematical form of mechanism-based
strain gradient (MSG) plasticity using the GNDs on the grain bound-
aries and the free surface effect. This model predicts the ﬂow stress
in pure tension for polycrystalline materials well.
However, the strain is assumed uniform before the onset of
necking in the tension test. Therefore, comparison of experimental
results with strain gradient is necessary to verify the modiﬁed
strain gradient plasticity theory. In this paper, we propose a new
model for bending behavior in which a strain gradient occurs dur-
ing deformation using the modiﬁed strain gradient plasticity the-
ory, and compare it with the experimental study to validate the
analysis. The proposed model predicts the size effect of bending
test for polycrystalline materials very well.
2. Gradient plasticity theories
2.1. MSG plasticity
Taylor’s dislocation model (Taylor, 1938) gives the shear ﬂow
stress in terms of the dislocation as:
s ¼ alb
L
¼ alb ﬃﬃﬃqp ; ð1Þ
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the shear modulus, b the magnitude of the Burgers vector and q the
dislocation density.
The dislocation density is composed of the density of the statis-
tically stored dislocations (SSDs), which accumulate by trapping
each other in a random way, and the density of the GNDs, which
is required for the compatible deformation of various parts of the
specimen.
Nix and Gao (1998) started from the Taylor’s hardening law be-
tween the shear strength and dislocation density in a material:
s ¼ alb ﬃﬃﬃﬃﬃqTp ¼ alb ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqS þ qGp ; ð2Þ
where qT is the total dislocation density, qS the density of the SSDs
and qG the density of the GNDs. If the Taylor factor, m, is used, the
uniaxial ﬂow stress of the material can be described as:
r ¼ ms ¼ malb ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqS þ qGp ; ð3Þ
The Taylor factor m acts as an isotropic interpretation of the crystal-
line anisotropy at the continuum level; m ¼
ﬃﬃﬃ
3
p
for an isotropic so-
lid and m ¼ 3:08 for FCC polycrystalline material.
In the absence of qG, the ﬂow stress can be derived using the
power-law hardening rule (Bishop and Hill, 1951a; Bishop et al.,
1951b):
r ¼ rref eN ¼ malb ﬃﬃﬃqp s; ð4Þ
where rref is the reference stress for the uniaxial tension, e is the
effective strain and N is the work hardening exponent (0 6 N < 1).
The effective strain in the deformation theory of MSG plasticity
can be deﬁned as:
ee ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
eijeij
r
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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: ð5Þ
The gradient in the strain ﬁeld is accommodated by the GNDs, so
the effective strain gradient is described by the deformation shape:
gS ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
uk;ijukij
r
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
gijkgijk
r
: ð6Þ
From Eqs (4)–(6), the ﬂow stress for the MSG plasticity is obtained
as (Nix and Gao, 1998):
r ¼ rref
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2N þ lSgS
q
; ð7Þ
where l is the material characteristic length described as:
lS ¼ m2a2 lrref
 2
rb: ð8Þ
where r is the Nye factor, which depends on the deformation shape
and the slip plane. Nye factor is introduced which relates macro-
scopic strain gradient to scalar measures of the GNDs density in
polycrystalline materials. In general, a factor has a value of 1 for sin-
gle crystals and a value of 1.85 for bending deformation of FCC poly-
crystalline materials (Arsenlis and Park, 1999).
2.2. Modiﬁed strain gradient theory
A modiﬁed strain gradient theory proposed by Lee et al. (2009)
is based on the assumption that the polycrystalline metallic mate-
rials are plastically nonhomogeneous. When a material deforms,
each grain in the material deforms by different amounts depending
on its orientation. Thus, overlaps and voids occur on the grain
boundaries, and are corrected by shear displacement. This shear
displacement is interpreted as local shear by the GNDs (Ashby,
1970). Therefore, two types of GNDs are considered in this theory:
one type occurs in slip system and the other on the grain boundary.To calculate the density of the GNDs on grain boundary, the follow-
ing assumptions are used:
(1) The grains are approximately cubic and arranged randomly.
(2) There are two types of grains, surface grains and bulk grains
as shown in Fig. 1(a).
(3) The density of the GNDs on the grain boundary is propor-
tional to the small strain.
For plane strain bending, the most efﬁcient dislocation conﬁgu-
ration is shown in Fig. 1(b), because of the two type of GNDs. Then
the total density of the GNDs is:
qG ¼ qGS þ qGG; ð9Þ
where qGS and qGG are the density of the GNDs on the slip planes
and the grain boundary, respectively. Each density of the GNDs is
related to the effective strain gradient as:
qGS ¼
rgS
b
; ð10Þ
qGG ¼
gG
b
; ð11Þ
where gS and gG are the strain gradients caused by the slip plane
and grain boundary, respectively. The effective strain gradient
caused by the density of the GNDs on a slip plane, gS, is calculated
from Eq. (6).
From Eqs. (4)–(6) and (9)–(11), we propose the ﬂow stress rela-
tionship for the polycrystalline materials is:
r ¼ rref
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2N þ lsgs þ lGgG
q
; ð12Þ
where the characteristic lengths, lS and lG are material parameters
described as:
lS ¼ m2a2 lrref
 2
rb; lG ¼ m2a2 lrref
 2
b: ð13Þ
In this model, there are two types of GNDs: One is the GNDs on the
slip plane, and the other the GNDs on the grain boundary. For the
GNDs on the slip plane, we consider the deformation of the poly-
crystalline since the GNDs are generated throughout the entire
specimen. On the other hand, for the GNDs on the grain boundary,
density of the GNDs on the grain boundary is sum of that on each
grain. Therefore, we can treat as deformation of a single crystal
for this case. Thus, we assume that the Nye factor has a value of
1.85 for lS due to GNDs on the slip plane and a value of 1 for lG
due to the GNDs on the grain boundary.
From Eqs (9)–(13), one can see that because the the GNDs occur
on the slip planes as well as on the grain boundary, the strength is
affected by the deformation shape, specimen size and grain size.3. Bending model for polycrystalline materials
Bending tests on microbeams with different thicknesses and
different grain sizes were performed by Shrotriya et al. (2003)
and Ehrler et al. (2008), and the size effect was observed. This size
effect cannot be explained using the classical plasticity theory,
which does not possess an intrinsic material length scale. We pro-
pose new bending model using the modiﬁed strain gradient theory
presented above to examine the size effect of microbeams in pure
bending. We assume that the beam is under the plane strain defor-
mation and the material is incompressible, for simplicity.
The Cartesian reference frame is set so that the x-axis coincide
with the neutral axis of the beam, and bending is applied in the
(x,y) plane. The displacement ﬁelds of the beam are given as:
Fig. 1. Proposed concept of the GND model for the polycrystalline materials (Lee et al., 2009). (a) Two types of grains in the specimen. (b) The GND associated with the plane
bending deformation.
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2 þ y2 ; u3 ¼ 0; ð14Þ
where j is the curvature of the beam.
The nonvanishing strain components are:
e11 ¼ e22 ¼ jy: ð15Þ
We can now express the effective strains and the effective strain
gradient caused by the density of the GNDs on a slip plane using
Eq. (6) and Eq. (15):
ee ¼ 2ﬃﬃﬃ
3
p jjyj; gS ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uk;ijuk;ij
p ¼ j; ð16Þ
The GNDs on the grain boundary are considered in the plastic region
only in bending. Let jy be the curvature at which yielding starts at
the surface (y ¼ T=2). When j is larger than jy, the region
y 6 Y  ey=j ¼ Tey=2es is elastic, while yielding occurs for y > Y, as
shown in Fig. 2(a), where Y is the position of the elastic–plastic
boundary, ey the yield strain and es ¼ jT=2 the surface strain.
Using these assumptions of Section 2, some parameters, L0, N0,
and M0 are deﬁned as:
L0 ¼ L
d
; N0 ¼ T
d
; M0 ¼ W
d
; ð17Þ
where d is the grain size, L is the length, T is the thickness and W is
the width of the specimens. These parameters were used to calcu-
late the density of GNDs on the grain boundary.
The thicknesses of the bulk grains and surface grain in the plas-
tic region must be calculated because the two types of grain are
different. As mentioned above, the probability of the bulk grains
in the thickness is N0  1. Therefore, the thickness of the bulk grain
and the position of the surface grain boundary, ysur , are obtained
as:Fig. 2. Section view in bending for the polycrystalline materials. (a) Schematics of elasti
one grain in bending.tbulk ¼ ðN0  1Þd ¼ T  d; ð18Þ
ySur ¼
d
2
ðN0  1Þ ¼ T
2
 d
2
; ð19Þ
and the thickness of the bulk grains in plastic region, Tb, is deﬁned
as:
Tb ¼ ysur  Y: ð20Þ
The strain varies linearly with the distance y from the neutral axis
described by jy in bending, as shown in Fig. 2(b). Because the num-
ber of GNDs on the polycrystalline grain boundary is given as epd=4b
based on Ashby’s relationship (Ashby, 1970), the number of GNDs
on the grain in Fig. 2(b) is calculated as d4b eave.
The average strain of the surface grains and bulk grains in the
plastic region are obtained as:
eave;sur ¼ jyave;sur ¼
j
2
T
2
þ ySur
 
¼ j
2
T
2
þ T
2
 d
2
 
¼ j
2
T  d
2
 
; ð21Þ
eave;bulk ¼ jyave;bulk ¼
j
2
ðysur þ YÞ ¼
j
2
T
2
 d
2
þ Y
 
: ð22Þ
From Eqs. (18)–(22), the dislocation lengths of the GNDs in the
thickness, length and width directions are given by Eqs. (23)–(25)
using the procedure proposed by Lee et al. (2009):
lt ¼ W T  2Yð Þjeave;bulkj2b  L
0  1 þW T  2Yð Þjeave;surj
4b
; ð23Þ
ll ¼ L T  2Yð Þjeave;bulkj2b  M
0  1 þ L T  2Yð Þjeave;surj
4b
; ð24Þ
lW ¼ W T  2Yð Þjeave;bulkjb  2L
0  1 þWjeave;surj
4b
 Lþ 2Tbð Þ: ð25Þ
The density of the GNDs on the grain boundary during this deforma-
tion is given byc and plastic regions in bending for beams. (b) Schematics of strain distributions of
Fig. 3. Comparison between the proposed model and Nix and Gao’s model to experimental data of bending for (a) 25 lm thickness, (b) 50 lm thickness, (c) 100 lm thickness,
and (d) 200 lm thickness.
Table 1
Parameters derived by ﬁtting of the experimental data (Shrotriya et al., 2003).
L (lm) T (lm) W (lm) d (lm) l (GPa) rref (MPa) N lG (lm) a
1500 25 200 0.5 57.84 719.64 0.101 2.24 0.388
(62.59) (681.6) (0.095) (2.68) (0.33)
1500 50 200 0.79 56.72 490.16 0.093 5.04 0.404
(59.70) (512.48) (0.099) (4.78) (0.391)
1500 100 200 1.26 61.57 376.81 0.106 9.06 0.384
(65.3) (383.5) (0.108) (9.15) (0.37)
1500 200 200 13.7 61.57 356.1 0.108 10.5 0.389
(59.70) (352.62) (0.11) (12.9) (0.356)
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From Eqs (9)–(12), (16) and (26), the ﬂow stress is determined as:
r ¼ rref
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2np þ lG qgS þ gGð Þ
q
¼ rref
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2Np þ lG
3:7es
T
þ es
4d
A
	 
s
: ð27Þ
Under plane strain deformation conditions, the bending mo-
ment per unit width can be determined from the integration of
the normal stress r11 over the cross section of the beam as:
M=W ¼ 2
Z T=2
0
r11ydy: ð28ÞThe normal stress can be expressed as r11 ¼ 2re=
ﬃﬃﬃ
3
p
using the
MSG plasticity. Then substituting Eq. (27) into the above equation
with the aid of the variable change z = y/T, it follows that:
M
T2W
¼ 2
T2
Z T=2
0
r11ydy ¼ 2
Z T=2
0
2ﬃﬃﬃ
3
p reydy
¼ 4ﬃﬃﬃ
3
p
Z Y
0
Eeydyþ 4ﬃﬃﬃ
3
p
Z T=2
Y
rref
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2NP þ lg
q 
ydy
¼ r0
3
ﬃﬃﬃ
3
p ey
es
 2
þ 4ﬃﬃﬃ
3
p rref

Z 0:5
ey
2es
4ﬃﬃﬃ
3
p esz ey
 2N
þ lG  3:7esT þ
es
4d
A
 " #12
zdz: ð29Þ
The MSG plasticity considers the GNDs on the slip planes only.
However, the proposed model considers the GNDs on both the slip
plane and grain boundary.
Fig. 4. Comparison of the experimental data and the predicted moment-surface strain by proposed bending model for (a) 10 lm thickness, (b) 50 lm thickness, and (c)
125 lm thickness.
Table 2
Parameters derived by ﬁtting of the experimental data (Ehrler et al., 2008).
L (lm) T (lm) W (lm) d (lm) l (GPa) rref (MPa) N lG (lm) a
1500 10 200 6 80.224 1556.08 0.317 1.382 0.484
1500 10 200 12 79.850 1082.34 0.318 1.536 0.350
1500 10 200 22 82.463 568.31 0.293 7.530 0.394
1500 50 200 14 80.224 627.80 0.294 1.55 0.203
1500 50 200 30 80.224 315.04 0.293 6.157 0.203
1500 50 200 50 79.104 207.43 0.291 14.917 0.211
1500 125 200 27 80.223 325.37 0.292 5.659 0.201
1500 125 200 85 80.223 158.63 0.291 29.569 0.224
1500 125 200 220 81.716 92.66 0.293 76.783 0.207
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Fig. 3 compares the predictions of the proposed model and the
MSG plasticity model (Nix and Gao, 1998) with the bending exper-
imental data of Shrotriya for the LIGA Ni foil specimen (Shrotriya
et al., 2003). The solid lines are the predictions with the materials
parameters, such as the yield strength, the characteristic length
and the work hardening exponent, determined by the curve ﬁtting
of Shrotriya’s bending experiments and the proposed model. On
the other hand, the dashed lines are the predictions by the Nixand Gao’s model with A = 0 in Eq. (29) and exclusion of the effect
of the GNDs on the grain boundary. In order to calculate the dashed
lines, the material parameters determined by the curve ﬁtting with
the Lee et al.’s tension model and Shrotriya’s tension results were
used. Table 1 shows the material parameters that were determined
by the curve ﬁtting using the proposed bending model and the Lee
et al.’s tension model. Values in the parenthesis refer to the param-
eters determined by the Lee et al.’s model. As one can see in the Ta-
ble 1, the parameters derived by the proposed model and the
tension model show similar values. However, the solid lines agree
Fig. 5. The normalized bending moment versus the surface strain predicted by the
proposed model for several characteristic lengths and mean number of grain.
Fig. 7. Effect of the mean number of grain through the specimen thickness (N0 = T/d)
versus the non-dimensionalized material characteristic length (l/T) predicted by
proposed model.
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there is the strain gradient due to the GNDs on the grain boundary
in bending of the beam.
Fig. 4 compares the bending strain that was calculated using the
proposed model with that observed in the bending experiment by
Ehrler et al. (2008), in which a Ni ﬁlm specimen was used. In cal-
culating the bending moment, the material parameters were deter-
mined by the curve ﬁtting. Table 2 shows the values obtained. In
Table 2, one can see that the calculated work hardening exponent
and the shear modulus show similar values with small variations
for different grain sizes and specimen thickness. The relationship
between the yield stress and grain size follows the Hall–Petch rela-
tion. The empirical constant a is in the reasonable range (0.2–0.5).
The average calculated shear modulus is 79.85 ± 1.01 GPa, which
agrees well with that in Meyers and Chawla (1999).
To estimate the size effect using the proposed model, the bend-
ing moment per unit width in Eq. (29) is normalized by the mo-
ment/width at the onset of the yielding, My ¼ r0T2=ð3
ﬃﬃﬃ
3
p
Þ. Then
the normalized bending moment is given as:
M
My
¼ ey
es
 2
þ 12
eNy

Z 0:5
ey
2es
4ﬃﬃﬃ
3
p esz ey
 2N
þ lG  es  3:7T þ
1
4d
A
 " #12
zdz: ð30ÞFig. 6. Comparison of size effect in bending for (a) three grain sizes with 50 lm thAs shown in Eq. (30), the size effect is related to l(g + qGG) in-
stead of lg for the general MSG plasticity. Fig. 5 shows the normal-
ized bending moment M/My as a function of the surface strain for
several characteristic lengths and mean numbers of grains through
the thickness, N0 ¼ T=d, with beam length of L is 1500 lm, width of
W 200 lm and thickness of T 50 lm. The work hardening exponent
N is 0.3, the shear modulus 80 GPa. As one can see, the size effect in
bending is clearly shown: it increases with the characteristic
length and the mean number of grains, because the density of
GNDs on the grain boundaries increases with increases in the mean
numbers of grains.
To show the size effect in bending for different grain sizes and
thicknesses with the proposed model, the bending moment per-
formed by Ehrler et al. (2008) is normalized by My in Fig. 6.
Fig. 6(a) shows the normalized bending moment versus the surface
strain for different grain sizes of 14, 30 and 50 lm with the thick-
ness ﬁxed at 50 lm, showing the increase in the normalized bend-
ing moment with the decrease in grain size. Fig. 6(b) similarly
shows that for thicknesses of 10, 50 and 125 lm with the same
range of grain sizes between 22 and 30 lm, the normalized bend-
ing moment increases with a decrease in thickness. As shown in
Fig. 6 and Table 2, the size effect of bending is increased as lqGG in-
creases, strongly suggesting that the characteristic length and theickness, (b) three thicknesses with similar grain size (g = 22, 30, and 27 lm).
2072 B.-b. Jung et al. / International Journal of Solids and Structures 49 (2012) 2066–2072mean number of grains plays an important role in the size effect of
bending.
Fig. 7 shows the effect of the mean number of grains through
the specimen thickness, N0, as a function of the nondimensional-
ized material characteristic length, l/T, predicted by the proposed
model with the experiment of Ehrler et al. It suggests that the char-
acteristic length increases as N0 decreases, or as the grain size in-
creases for same thickness. In other words, the magnitude of size
effect is related to specimen size and deformation shape as well
as grain size.
5. Conclusions
We investigated the bending behavior of polycrystalline materi-
als in microscale structures. The following conclusions are drawn:
(1) We propose the new model to analyze the bending behavior
of polycrystalline materials in which the strain gradient
occurs during deformation using the modiﬁed MSG theory.
(2) The density of the GNDs is calculated based on the nonho-
mogeneity of polycrystalline materials and slip plane. The
total density of the GNDs is related to deformation shape,
specimen size and grain size. It increases with increases in
the thickness and curvature of bending, and with decreases
in grain size.
(3) The relationship between yield strength and grain size fol-
lows the Hall–Petch relation. The size effect is related to
the characteristic length, which increases with increases in
the grain size when the specimen thickness is ﬁxed, while
the size effect decreases with increases in the specimen
thickness when the grain size is ﬁxed. Both effects agree well
with the experimental results by Ehrler et al. (2008).
(4) We have demonstrated that the proposed model can explain
the size effect in bending behavior of beams of polycrystal-
line material. The model shows that the specimen size andgrain size together with the strain gradient are the impor-
tant factors to estimate the size effect in micron-scale struc-
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